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Elastic scattering of laser radiation due to vacuum polarization by spatially modulated strong electromagnetic
fields is considered. The Bragg interference arising at a specific impinging direction of the probe wave concen-
trates the scattered light in specular directions. The interference maxima are enhanced with respect to the usual
vacuum polarization effect proportional to the square of the number of modulation periods within the interaction
region. The Bragg scattering can be employed to detect the vacuum polarization effect in a setup of multiple
crossed super-strong laser beams with parameters envisaged in the future Extreme Light Infrastructure.
PACS numbers: 42.50.Xa,12.20.Fv
Quantum electrodynamical vacuum fluctuates via virtual
electron-positron pairs which induces polarization in strong
external fields. The characteristic field when the vacuum po-
larization effects become significant is the so-called critical
field Ecr = m2/e at which an electron gains energy equal to
its rest mass m within the Compton wavelength λ c = 1/m [1–
3], where e is the electron charge, Icr ≡ E2cr/8pi ≈ 2.3× 1029
W/cm2, h¯= c= 1 units are used throughout. The only vacuum
polarization effect observed experimentally is the Delbru¨ck
scattering [4], the scattering of γ-rays by a high-Z atomic
target. In this process vacuum is polarized due to singular
Coulomb field of highly charged ions. In contrast to that,
vacuum polarization effects are not observed in macroscopic
electromagnetic fields created in a laboratory. Since 2000
the experiments of the PVLAS collaboration has been under-
way [5, 6] devoted to measurement of vacuum birefringence
in a constant magnetic field using state-of-the-art technique
of superconducting magnets with a magnetic field B reaching
B/Bcr ∼ 10−9, with the critical magnetic field Bcr = m2/e =
4.4×109 T. Recently, strong field laser technique is advancing
rapidly, fostered, from one side, by the laser fusion program
[7] and, from another side, by the Extreme Light Infrastruc-
ture (ELI) project [8] aiming at the creation of the strongest
laser fields for scientific purposes using all the power of the
chirped pulse amplification technique [9]. The laser field is
the strongest field created in a laboratory which can be har-
nessed to test the strong field QED theory via vacuum polar-
ization effects [10–13]. The present petawatt lasers can pro-
duce intensities of I ∼ 1022 W/cm2 [14], while intensities up
to I ∼ 1026 W/cm2 (E/Ecr ∼ 3× 10−2) are envisaged in the
ELI [8].
Even in the strongest laser fields the vacuum polarization
effects are perturbative because of smallness of the character-
istic parameter E/Ecr  1. In terms of Feynman diagrams,
the largest contribution to vacuum polarization arises from
the box diagram, see Fig. 1(a). The depicted diagram with
two legs belonging to a constant uniform magnetic field or to
an external laser field with a uniform amplitude describes the
scattering to zero angle [15] that induces the vacuum refrac-
tive index. Thus, in these cases, vacuum behaves as a uni-
form birefringent medium [16]. Possibilities to observe vac-
uum birefringence in strong laser fields have been recently
discussed in detail [12, 17]. The box diagram with one leg
describing the external field does not exist in a constant uni-
form magnetic field [18], while in a laser field it describes
the photon-photon scattering process [19]. The attempts to
observe photon-photon scattering with laser beams were only
able to determine the upper limit of the cross-section [20].
The possibility of observation of the photon-photon scatter-
ing with modern strong laser beams is analyzed in [21–23].
In the external field nonuniform in space, vacuum behaves
as a nonuniform medium and photon scattering (or diffrac-
tion) becomes possible. The vacuum polarization effects due
to a spatial gradient of magnetic field are considered in [25].
Diffraction effects due to the vacuum nonuniform polarization
in strong focused laser beams are investigated in [26, 27]. In
optics of continuous media it is known that the periodic struc-
ture of a medium can significantly enhance the scattering due
to interference of the scattered light generated from different
layers of the structure (Bragg scattering) [28]. The Bragg con-
cept is quite general and is applied not only in the context of
propagation of electromagnetic waves [29] but also in quan-
tum optics [30], atom optics [31] and for matter waves [32].
In this letter, we investigate Bragg scattering of a probe
laser beam due to vacuum polarization in a strong spatially
modulated external electromagnetic field. At certain scatter-
ing angles when the Bragg interference condition is fulfilled,
the probability of the photon scattering is enhanced with re-
spect to the usual photon-photon scattering by a factor propor-
tional to the square of the number of periods in the structure.
The enhancement is maintained also in the total probability of
the scattering, integrated by scattering angle. First, we show
the effect on the theoretically more transparent case of a spa-
tially periodic magnetic field of a magnetic undulator. Then,
we discuss the Bragg scattering when a probe laser beam pen-
etrates the periodic structure of multiple focused laser beams,
see Fig. 1(c). We consider the experimental realization of the
Bragg scattering in the future ELI facility and its advantage
with respect to the photon-photon scattering [22].
We consider a photon scattering in an external field, i.e.,
the transition |1(k1,e1)〉→ |1(k2,e2)〉, where k1,2 and e1,2 are
the momentum and polarization of the incoming and outgoing
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FIG. 1: (Color online) (a) The Feynman diagram describing the pho-
ton scattering in a strong external electromagnetic field. (b) The ge-
ometry of the interaction region formed by overlap of the incom-
ing laser beam with the periodic structure of the external field. (c)
Bragg scattering of a probe laser beam by a set of focused strong
laser beams.
photons, respectively. The transition matrix element reads:
T21 =−i〈1(k2,e2)|
∫ ∞
−∞
dtd3r jµ(r, t)Aµ(r, t)|1(k1,e1)〉,
(1)
where Aµ(r) is the field vector-potential and jµ(r, t) the cur-
rent density of the polarized vacuum: j = ∂P∂ t +∇×M. The
vacuum polarization P and magnetization M are derived from
the Euler-Heisenberg Lagrangian [19]:
P(r, t) =
η
4pi
[
2(E2−B2)E+7(E ·B)B] ,
M(r, t) =
η
4pi
[−2(E2−B2)B+7(E ·B)E] , (2)
where η = e4/45pim4. E(r, t) and B(r, t) are the to-
tal electric and magnetic fields, respectively, consisting of
the strong external field (marked by an index (0)) and the
quantized probe field (marked by an index (p)): E(r, t) =
E(0)(r, t)+E(p)(r, t), B(r, t)=B(0)(r, t)+B(p)(r, t), A(r, t)=
A(0)(r, t)+A(p)(r, t). For a photon scattering (one incoming
and one outgoing photons) only the term j(1)A(p)(r, t) of the
interaction Hamiltonian contributes, with
j(1) =
η
4pi
{
∂
∂ t
[
−2B(0)2E(p)+7(E(p)B(0))B(0)
]
+ 2∇×
[
2(B(0)(B(p)B(0))+B(0)2B(p)
]}
, (3)
where j(l) denotes the term of the current containing the probe
field in the l-th order. j(2)A(0)(r, t) can be responsible only for
processes with a pair of photons in the initial or the final state.
First, we consider a photon scattering in a periodic field of a
magnetic undulator of a linear polarization: B(0)(r) =B0 f (r),
with f (r) = cosqr. In this case,
T21 =−2piiA∗k1Ak2δ (ω1−ω2)
∫ (
T˜21+ T˜ ∗12
)
ei(k1−k2)rd3r,(4)
where Aki =
√
2pi/ωiV , i= 1,2 and
T˜21 =
ηω21
4pi
{7(e1B0)(e2B0)
+ 4(e1(n1×B0))
[
(e2(n1×B0))− i
(
e2
(
∇ f 2
ω1 f 2
×B0
))]
+ 2iB20
(
e2
(
∇ f 2
ω1 f 2
× (n1× e1)
))}
f 2(r), (5)
where n1 = k1/k1. The term T˜21 corresponds to the case
when the incoming photon is annihilated first, then the fi-
nal photon is created, while in the cross-term T˜ ∗12 this order
is reversed. The photon scattering probability per unit time
dW = n1|T21|2d3k2V /(2pi)3 reads:
dW
dΩ
= ρ1ω4|M21+M∗12|2P, (6)
with the number and the density of incoming photons n1 and
ρ1, respectively, ω = k≡ ω1 = ω2, the phase-matching factor
P =
∣∣∣∣∫
(V )
ei∆krd3r
∣∣∣∣2 , (7)
and
M21 =
η
16pi
{4((n1× e1)B0)((n1× e2)B0)
+ 7(e1B0)(e2B0)+
8
ω
((n1× e1)B0)(e2(q×B0))
+
4B20
ω
(e2(q× (n1× e1)))
}
. (8)
The transition matrix element M21 simplifies when the inci-
dent photon momentum k1 is perpendicular to B0:
M⊥21 =
7
8pi
ηB20, M
||
21 =
ηB20
2pi
cosϑ , (9)
where M⊥21 corresponds to the transverse (B1⊥B0) and M||21
to the longitudinal polarization (B1||B0) and ϑ is the angle
between k1 and k2. The space integration in Eq. (7) is carried
out over the interaction volume V , i.e., over the region of the
overlap between the impinging laser beam with the undulator
field, see the highlighted region in Fig. 1(b). The factor P
generates the phase-matching Bragg condition ∆k= k2−k1−
nq= 0 (with n= 2 in the case of magnetic undulator) when the
wave scattered from different spatial periods of the structure
interfere constructively (Bragg interference). This can take
place only at certain impinging angles of the probe wave:
2k sin
ϑ
2
= nq, (10)
The scattered radiation is concentrated in the specular direc-
tion. Due to the Bragg interference, P ∝ V 2 at exact phase-
matching ∆k = 0 and the differential probability is propor-
tional to V 2. In particular, if the interaction region is rectan-
gular with corresponding lengths Lx,Ly,Lz,
P =
(
V sinc
∆kxLx
2
sinc
∆kyLy
2
sinc
∆kzLz
2
)2
. (11)
3The total probability integrated over angular distribution is
W = (2pi)2ρ1ω2|M21|2
∫
L2z′(r⊥)d
2r⊥, (12)
where Lz′(r⊥) is the length of the interaction region along the
direction of k2 and r⊥ the coordinate transverse to Lz′(r⊥)
[28]. Estimating
∫
L2z′(r⊥)d
2r⊥ ≈ L¯x′ L¯y′ L¯2z′ , with L¯z′ , L¯x′ , L¯y′
being the mean lengths of the interaction region along and
transverse to k2, the number of scattered photons per unit time
and volume is derived:
dN
dtdV
≈ GW (ϑ)αm4 B
4
0
B4cr
E20
E2cr
ε, (13)
where E0 is the amplitude of the probe field, W (ϑ) ≡
|M21|2/(ηB20)2, G = (1/45)2, ε ≡ L¯z′/λ is the enhancement
factor due to Bragg interference. The comparison of the Bragg
scattering with the stimulated light-by-light scattering, pro-
posed to realize with three strong laser beams [20, 22], shows
that the Bragg scattering can be larger by a factor L¯z′/w0,
with the laser beam waist size w0, which can amount to an
order of magnitude. Note that Eq. (13) is valid when the
probe beam is rather monochromatic and has a low angular
spread. The bandwidth (∆ω1) and the angular spread (∆ϑ ) of
the probe beam should be limited to fulfill the Bragg condition
Eq. (10) within the energy uncertainty ∼ 1/τ , with the inter-
action time τ: ∆ω1 <∼ (2pi/τ)Dω1 = (2pi/τ)(2/n2)sin2(ϑ/2)
and ∆ϑ <∼ (2pi/τ)Dϑ = (2pi/τ)(1/qcos(ϑ/2), where Dω1 =
|∂ (ω1 −ω2)/∂ω1| and Dϑ = |∂ (ω1 −ω2)/∂ϑ |. The latter
impose restrictions on the enhancement factor ε . The largest
interaction length L¯z′ , equal to the undulator length Lu, is pos-
sible at ϑ ∼ pi when k ∼ q. Then, the enhancement factor is
determined by the number of undulator periods (Nu) ε ∼ Nu
but is restricted by the probe bandwidth ε <∼ ω/∆ω1.
Now let us consider Bragg scattering when the periodic
structure is formed using a set of N focused laser beams (ellip-
tic Gaussian beams [33]) propagating parallel to each other:
E(0) = E0
N
∑
n=1
f (x,y,z−nd)cos[ωLt− kLx+ϕ(x,y,z−nd)],(14)
where f (x,y,z) = (√wywz/
√
wy(x)wz(x))e−y
2/w2y(x)+z
2/wz(x)2 ,
ϕ(x,y,z) = −ky2/2Ry(x) + z2/2Rz(x) + 12 tan−1 x/x0y +
1
2 tan
−1 x/x0z, wy(x) = wy
√
1+ x2/x20y, wz(x) =
wz
√
1+ x2/x20z, Ry(x) = x + x
2
0y/x, Rz(x) = x + x
2
0z/x,
x0y = kw2y/2 and x0z = kw
2
z/2. The distance between the
adjacent beams d is assumed to be larger than the waist size
of a single beam wz, therefore, the superposition of fields
of different beams is negligible. It is also assumed that
|∇ f (r)×E0|  kL f (r)E0 and |∇ f (r)|  kLF(r) and in this
case B0 = nL × E0, where nL = kL/k and kL is the laser
wavevector. The current calculated as
j(1) =
η
4pi
(
F2(r, t)
∂R1
∂ t
+F2(r, t)∇×R2+∇F2(r, t)×R2
)
,(15)
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FIG. 2: (Color online) The dependence of the scattering probability
on the probe impinging angle [the factor W (θ)]: (solid line) B-field
case, the upper curve - transverse polarization, the lower curve - lon-
gitudinal polarization; (dashed line) E-field case, the upper curve -
longitudinal polarization, the lower curve - transverse polarization.
where R1 ≡ 4
[
(E(p)E0)− (B(p)B0)
]
E0 +
7
[
(E(p)B0)+(B(p)E0)
]
B0, R2 ≡ R1 × nL and
F2(r, t) ≡ ∑Nl,m f (x,y,z − ld) f (x,y,z − md)cos[ωLt − kLx +
ϕ(x,y,z− ld)]cos[ωLt − kLx+ϕ(x,y,z−md)]. We consider
only elastic scattering of photons. However, in this situation
inelastic scattering with absorption or emission of additional
laser photons can also take place: ω1 = ω2±2ωL, which can
be enhanced by the Bragg interference when coherence is
met: k1 = k2± 2kL+q. In the case of elastic scattering, we
average the current over the fast oscillations of nonresonant
terms (cos2(ωLt − kLx + ϕ) → 1/2). Then, the photon
scattering probability in the setup of focused laser beams is
given by Eq. (6) with the following transition matrix element:
M21 =
η
8pi
{4 [(e1E0)+((e1×n1)B0)]
×
[
(e2E0)+
(
e2
((
n1−nqk
)
×B0
))]
+ 7 [(e1B0)− ((e1×n1)E0)] (16)
×
[
(e2B0)−
(
e2
((
n1−nqk
)
×E0
))]}
.
The phase-matching factor P , after neglecting corrections
proportional to the small diffraction parameter kw0 1, is:
P =
(piLxwywz)2
16
e−
δk2yw2y
4 −
δk2z w2z
4 sinc2
δkxLx
2
· sin
2 δkzNd
2
sin2 δkzd2
,(17)
where δk = k2−k1 and Lx is the interaction length along the
axis of the laser beams consisting the Bragg structure. The
last multiplicative term in Eq. (17) has maxima at the Bragg
condition δkz = nq with a bandwidth ∆(δkz) ∼ 2q/N, where
q= 2pi/d and n is an integer number. The exponential damp-
ing factor determines the maximal value for δkz<∼ 2/wz, while
the Bragg condition does the harmonic number n <∼ d/piwz
(the damping factor is e−n2q2w2z /4). The strong laser field is
linearly polarized. Two cases are possible: either B0 (B-field)
or E0 (E-field) is perpendicular to the scattering plane formed
4by the wave vectors k1 and k2. The scattering matrix element
for different polarizations of the probe wave reads:
MB‖21 =
4ηE20
pi
sin4
ϑ
4
(
1−4cos2 ϑ
4
)
.
MB⊥21 =
7ηE20
pi
sin4
ϑ
4
, ME‖21 =
4ηE20
pi
sin4
ϑ
4
ME⊥21 =
7ηE20
pi
sin4
ϑ
4
(
1−4cos2 ϑ
4
)
, (18)
where the longitudinal (transverse) polarization means B1 ‖
(⊥) B0 in the case of B-field and E1 ‖ (⊥) E0 for E-field. The
total number of scattered photons per unit volume and time
in the laser beam setup is given by the same Eq. (13) with
G = e−n2q2w2z /4(wzq)2/(
√
2pi(360)2) and replacing Bcr→Ecr,
B0 → E0. The angular dependence factor W (θ) is shown in
Fig. 2. The enhancement factor in this case is
ε = Nd/λ , if kw2y/4 >∼ Nd
ε = 2pi
√
Nd/λ (wy/λ ), otherwise, (19)
with the wavelength λ . When kw2y/4 <∼ Nd, the emission an-
gular width becomes restricted by the width of the energy un-
certainty, as the Bragg condition should be fulfilled simulta-
neously. We estimate the yield of scattered photons in the
setup of multiple laser beams. Employing a laser field with an
intensity of I = 2.3× 1022 W/cm2, λ = 1µm, pulse duration
of τ = 100 fs, wy ≈ 3λ , wz ∼ λ , d ≈ piwz and N = 10, the
Bragg scattering angle is close to pi at n = 2 resonance, and
the number of scattered photons per pulse is
N =
α(2pi)3/2
(360)2e4
(
I
Icr
)3 w6ycτ
λ 4cλ 3
(piwz
d
)2
W (ϑ)≈ 4.8. (20)
In the Bragg scattering setup, the enhancement factor ε and
the interaction volume are larger with respect to those in the
stimulated light-by-light scattering, each roughly by an order
of magnitude. The requirement for the vacuum background
pressure to suppress the competing processes is the same as in
the case of photon-photon scattering [22].
Concluding, we have shown for the first time how the co-
herence effects arising in spatially structured vacuum in strong
periodic fields can enhance the vacuum polarization effects.
In particular, the enhancement of the photon-photon scatter-
ing effect is proposed employing Bragg scattering of a probe
laser beam by a set of parallel multiple laser beams. We want
to underline that the considered coherence effect has a gen-
eral nature. Similar enhancement effects will exist in all type
of inelastic light-by-light scattering and other processes based
on spatially modulated vacuum polarization. The latter will
be considered elsewhere.
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